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ABELIAN CATEGORIES FROM TRIANGULATED CATEGORIES VIA
NAKAOKA-PALU’S LOCALIZATION
YASUAKI OGAWA
Abstract. The aim of this paper is to provide an expansion to Abe-Nakaoka’s heart
construction of the following two different realizations of the module category over the en-
domorphism ring of a rigid object in a triangulated category: Buan-Marsh’s localization
and Iyama-Yoshino’s subfactor. Our method depends on a modification of Nakaoka-
Palu’s HTCP localization, a Gabriel-Zisman localization of extriangulated categories
which is also realized as a subfactor of the original ones. Besides of the heart construc-
tion, our generalized HTCP localization involves the following phenomena: (1) stable
category with respect to a class of objects; (2) recollement of triangulated categories; (3)
recollement of abelian categories under a mild assumption.
Introduction
In many fields of mathematics containing representation theory, it is basic to study how
to construct related abelian categories from a given triangulated category C. There are
many researches in this context, for example [BBD, KR, KZ, Nak1, AN, BM1, BM2, Bel,
Nak2, Pal, LN, HS]. Our study has its origin in the following result in [KZ, Thm. 3.3]:
If T is a cluster-tilting object in a triangulated category C, then the additive quotient
C/ add T is equivalent to modEndC(T )
op the module category of finitely presented right
EndC(T )
op-modules (see also [KR]).
Afterwards, Buan and Marsh pointed out that, as long as T is a rigid object in C, there
exists a localization functor from C to modEndC(T )
op, generalizing Koenig-Zhu’s set-
up. More precisely, in [BM1], they firstly found a class S of morphisms with an explicit
description so that the associated localization LS : C → C[S
−1] induces an equivalence
C[S−1] ≃ modEndC(T )
op. Following this, in [BM2], they factorized the above localization
LS as the composition of two localizations:
C
̟ ""❋
❋❋
❋❋
❋❋
❋❋
[BM1]
LS // modEndC(T )
op
C/(T⊥1)
Loc
[BM2]
77♦♦♦♦♦♦♦♦♦♦♦
(0.1)
under additional assumptions, where ̟ denotes an additive quotient. There are many
advantages of this factorization, since C/(T⊥1) is preabelian and the second one Loc is a
Gabriel-Zisman localization admitting a calculus of left and right fractions. Their con-
struction of preabelian categories was improved by many authers, e.g. [Bel, Nak2, Liu2,
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LN, HS]. On the other hand, before [BM1, BM2], the category modEndC(T )
op has already
been realized as a subfactor of C in [IYo]: an equivalence
add(T [−1]) ∗ addT
addT
∼
−→ modEndC(T )
op, (0.2)
where [−1] is a desuspension of C.
As another generalization of Koenig-Zhu’s construction, Abe and Nakaoka provided a
new construction of a related abelian category H/W from a given triangulated category C
equipped with a cotorsion pair (S,V) in [AN]. Their method also generalizes the construc-
tion of the heart of a t-structure proved in [BBD] (see [Nak1, Prop. 2.6] for details). So
their abelian category H/W is still called the heart of (S,V). As we will see in Subsection
3.2, Abe-Nakaoka’s heart construction is a generalization of Iyama-Yoshino’s subfactor
(0.2). So it is natural to ask whether the heart H/W can be realized as a nice Gabriel-
Zisman localization of C. This question has already arisen in [BM1, Section 6] and [BM2,
Section 6], and some answers were obtained.
The aim of this article is to give a more complete answer to Buan-Marsh’s question
in connection with Iyama-Yoshino’s subfactor, which unifies and improves some related
results, where the method completely differs from them. Our method is a modification
of Nakaoka-Palu’s localization via Hovey twin cotorsion pair (HTCP localization) which
was inspired from Hovey triple [Hov, Gil] and introduced in [Nak3, NP]. They firstly
introduced a notion of extriangulated category which is a simultaneous generalization of
exact category and triangulated one. The HTCP localization turns out to be a Gabriel-
Zisman localization of an extriangulated category which can be realized as a subfactor
of the original one, and covers many important phenomena, e.g. recollement of triangu-
lated categories, Happel’s (projectively) stable category of a Frobenius category [Hap] and
Iyama-Yoshino’s triangulated structure via mutation pairs [IYo]. Our generalized HTCP
localization is still a Gabriel-Zisman localization of an extriangulated category which is
equivalent to a subfactor. It covers a wider class of localizations containing stable cate-
gory with respect to a class of objects and recollement of abelian categories under a mild
assumption.
Theorem A (Theorem 2.7). Let ((S,T ), (U ,V)) be a generalized HTCP in an extrian-
gulated category C. Then, there exists a class V of morphisms in C so that the associated
Gabriel-Zisman localization LV : C → C[V
−1] induces an equivalence
Φ :
T ∩ U
U ∩ V
∼
−→ C[V−1].
Note that there are two similar pictures below deduced from different set-ups in (0.1),
(0.2) and Theorem A:
T :rigid
Buan-Marsh
!!!a
!a
!a
!a
!a
!a
!a
Iyama-Yoshino
}} }=
}=
}=
}=
}=
}=
((S,T ), (U ,V))
!!
!a
!a
!a
!a
!a
!a
}} }=
}=
}=
}=
}=
}=
add T [−1]∗addT
add T
∼ // C[S−1] T ∩U
U∩V
∼ // C[V−1]
(0.3)
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This article was motivated by the above analogy. Our second result shows that the heart
construction can be regarded as a generalized HTCP localization.
Theorem B (Corollary 3.7). Let C be a triangulated category equipped with a cotor-
sion pair (S,V). Then, there exists a class V of morphisms in C so that the associated
localization LV : C → C[V
−1] induces an equivalence Φ : H/W
∼
−→ C[V−1].
Furthermore, we factorize the localization LV into nice localizations, following Buan-
Marsh’s investigation.
Theorem C (Theorem 3.8). Let C be the above. Assume that S ∗V is functorially finite.
Then,
(1) The additive quotient C/ add(S ∗ V) is preabelian and the class R of regular mor-
phisms in it admits a calculus of left and right fractions;
(2) The localization LV : C → H/W is factored as the composition of the additive
quotient ̟ : C → C/ add(S∗V) and the Gabriel-Zisman localization LR : C/ add(S∗
V)→H/W with respect to the class R.
This article is organized as follows: Section 1 will be devoted to prepare basic results
on extriangulated category, Gabriel-Zisman localization and preabelian category. Section
2 contains the first main result of this article. Here, we formulate a generalized HTCP
localization and prove Theorem A. In Section 3, using the generalized HTCP, we investi-
gate two different aspects of the heart in a triangulated category C, i.e., a subfactor and
a localization of C, and then Theorems B and C are proved. Finally, in Section 4, we
mention another related approach.
Notation and convention. The symbol C always denotes a category, and the set of
morphisms X → Y in C is denoted by C(X,Y ) or simply denoted by (X,Y ) if there is
no confusion. The class of objects (resp. morphisms) in C is denoted by Ob C (resp.
Mor C). We denote by Cop the opposite category. If there exists a fully faithful functor
N →֒ C, we often regard N as a full subcategory of C. If a given category C is additive,
its subcategory U is always assumed to be full, additive and closed under isomorphisms,
and we only consider additive functors between them. For X ∈ C, if C(U,X) = 0 for
any U ∈ U , we write abbreviately C(U ,X) = 0. Similar notations will be used in many
places. For an additive functor F : C → D, we define the image and kernel of F as the
full subcategories
ImF := {Y ∈ D | ∃X ∈ C, F (X) ∼= Y } and KerF := {X ∈ C | F (X) = 0},
respectively. For a full subcategory U in C, the symbol F |U denotes the restriction of F
on U .
1. Preliminary
1.1. Extriangulated category. In this section, we recall our needed results and termi-
nology on extriangulated categories. An extriangulated category is defined to be a triple
(C,E, s) of
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• an additive category C;
• an additive bifunctor E : Cop×C → Ab, where Ab is the category of abelian groups;
• a correspondence s which associates each equivalence class of a sequence of the
form X → Y → Z in C to an element in E(Z,X) for any Z,X ∈ C,
which satisfies some ‘additivity’ and ‘compatibility’. It is simply denoted by C if there is
no confusion. We refer to [NP, Section 2] for its detailed definition. An extriangulated
category was introduced to unify triangulated category and exact one. More precisely,
by putting E := C(−,−[1]), a triangulated category (C, [1],∆) can be regarded as an
extriangulated category [NP, Prop. 3.22]. By putting E := Ext1C(−,−), an exact category
C can be regarded as an extriangulated category [NP, Example 2.13]. We shall use the
following terminology in many places.
Definition 1.1. Let (C,E, s) be an extriangulated category.
(1) We call an element δ ∈ E(Z,X) an E-extension, for any X,Z ∈ C;
(2) A sequence X
f
−→ Y
g
−→ Z corresponding to an E-extension δ ∈ E(Z,X) is called a
conflation. In addition, f and g are called an inflation and a deflation, respectively.
(3) An object P ∈ C is said to be projective if for any deflation g : Y → Z, the
induced morphism C(P, g) : C(P, Y ) → C(P,Z) is surjective. We denote by P(C)
the subcategory of projectives in C. An injective object and I(C) are defined dually.
(4) We say that C has enough projectives if for any Z ∈ C, there exists a conflation
X → P → Z with P projective. Having enough injectives are defined dually.
Keeping in mind the triangulated case, we introduce the notions cone and cocone.
Proposition 1.2. Let C be an extriangulated category. For an inflation f ∈ C(X,Y ),
take a conflation X
f
−→ Y
g
−→ Z, and denote this Z by Cone(f). We call Cone(f) a cone
of f . Then, Cone(f) is uniquely determined up to isomorphism. The dual notion cocone
CoCone(g) exists.
Furthermore, for any subcategories U and V in C, we define a full subcategory Cone(V,U)
to be the one consisting of objects X appearing in a conflation V → U → X with U ∈ U
and V ∈ V. A subcategory CoCone(V,U) is defined dually. Next, we recall the notion of
pullback in extriangulated categories. Consider a conflation X
f
−→ Y
g
−→ Z corresponding
to E-extension δ ∈ E(Z,X) and a morphism z : Z ′ → Z. Put δ′ := E(z,X)(δ) and consider
a corresponding conflation X → E → Z ′. Then, there exists a commutative diagram of
the following shape
X //

E
(Pb)
//

Z ′
z

X
f // Y
g // Z
The commutative square (Pb) is called a pullback of g along z which is a generalization
of the pullback in exact categories and the homotopy pullback in triangulated categories.
The dual notion pushout exists and it will be denoted by (Po).
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We end the section by mentioning that the class of extriangulated categories is closed
under certain operations.
Proposition 1.3. [NP, Rem. 2.18, Prop. 3.30] Let C be an extriangulated category.
(1) Any extension-closed subcategory admits an extriangulated structure induced from
that of C.
(2) Let I be a full additive subcategory, closed under isomorphisms which satisfies
I ⊆ P(C) ∩ I(C), then the additive quotient C/I has an extriangulated structure,
induced from that of C (see Example 1.6 for the definition of additive quotient).
1.2. Gabriel-Zisman localization. Since we are interested in Gabriel-Zisman localiza-
tions of extriangulated categories, we recall its definition, following [Fri] (see also [GZ]).
Definition 1.4. Let C and D be categories and S a class of morphisms in C. A functor
LS : C → D is called a Gabriel-Zisman localization of C with respect to S if the following
universality holds:
(1) LS(s) is an isomorphism in D for any s ∈ S;
(2) For any functor F : C → D′ which sends each morphism in S to an isomorphism
in D′, there uniquely, up to isomorphism, exists a functor F ′ : D → D′ such that
F ∼= F ′ ◦ LS.
In this case, we denote by LS : C → C[S
−1].
The Gabriel-Zisman localization C[S−1] always exists provided there are no set-theoretic
obstructions. So, whenever we consider the Gabriel-Zisman localization of C, we assume
that C is skeletally small. Morphisms in the new category C[S−1] can be regarded as
compositions of the original morphisms and the formal inverses. We refer to [Fri, Thm.
2.1] for an explicit construction of C[S−1]. If the class S satisfies the following conditions
and its dual ones, any morphism in C[S−1] has a very nice description, see [GZ, Section
I.2] for details.
Definition 1.5. Let S be a class of morphisms in C.
(RF1) The identity morphisms of C lie in S and S is closed under composition.
(RF2) Any diagram of the form:
B
f
C
s // D
with s ∈ S can be completed in a commutative square of the form:
A
s′ //
f ′ 
B
f
C
s // D
with s′ ∈ S.
(RF3) If s : Y → Y ′ in S and f, f ′ : X → Y are morphisms such that sf = sf ′, then
there exists s′ : X ′ → X in S such that fs′ = f ′s′.
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In this situation, we say that S or LS admits a calculus of left and right fractions.
As is well-known, the Verdier localization of a triangulated category C with respect to
its thick subcategory N is defined to be a Gabriel-Zisman locallization which admits a
calculus of left and right fractions. More precisely, it is the Gabriel-Zisman localization
of C with respect to the class of morphisms whose cones belonging to N (e.g. [Nee]).
Similarly, the Serre localization of an abelian category is also an example of such Gabriel-
Zisman localizations (e.g. [Pop]). The following example will play an important role in
Section 2.
Example 1.6. Let C be an additive category and I its full subcategory closed under direct
summands. We define the stable category C/I of C with respect to I as the ideal quotient
of C modulo the (two-sided) ideal in C consisting of all morphisms having a factorization
through an object in I. This is also called the additive quotient of C with respect to I.
Consider the class S of all sections whose cokernels belonging to I, i.e., the morphisms s
appearing in some splitting short exact sequence of the form 0 → X
s
−→ X ⊕ I → I → 0
with I ∈ I. Then, C/I is equivalent to the Gabriel-Zisman localization C[S−1].
Proof. This is well-known for experts, but we can not find proper references. So we include
a detailed proof here.
It suffices to show that the additive quotient π : C → C/I has the universality same as
that of LS : C → C[S
−1]. To this end, we consider a functor F : C → D which sends any
morphisms of S to isomorphisms in D. Note that we do not assume that F is additive.
(1) It is obvious that π(s) is an isomorphism in C/I whenever s belongs to S.
(2) We shall show the existence of a functor F ′ : C/I → D with F ∼= F ′ ◦ π and
its uniqueness up to isomorphism. Define such a functor F ′ as follows: For any X ∈
Ob(C/I) = Ob C, we set F ′(X) := F (X); For any morphism π(f) : X → Y in C/I, we
set F ′(π(f)) := F (f). To check the well-definedness, we assume that π(f) = π(g) where
f, g : X → Y are morphisms in C, that is, the morphism f − g factors through an object
I ∈ I as f − g : X
a
−→ I
b
−→ Y . Then we get f =
(
g b
)(1
a
)
and consider the following
diagram in C:
X
(
1
a
)
//
❋❋
❋❋
❋❋
❋❋
❋
❋❋
❋❋
X ⊕ I
(g b) // Y
X
g
;;①①①①①①①①①
(
1
0
)OO
Notice that the left half of the above diagram is not commutative. However, applying F
makes it commute. In fact, the projection (1 0) : X ⊕ I → X is a left inverse of
(
1
a
)
and(
1
0
)
. Since both F
(
1
a
)
and F
(
1
0
)
are isomorphisms in D, F (1 0) is an inverse of them.
It guarantees F
(
1
a
)
= F
(
1
0
)
in D. Hence we have a desired equality
F (f) = F (g b) ◦ F
(
1
a
)
= F (g b) ◦ F
(
1
0
)
= F (g).
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The commutaivity F = F ′ ◦ π automatically holds.
Since π is full and dense, the uniqueness of F ′ is satisfied. This finishes the proof. 
1.3. Preabelian category. We recall some basic properties of preabelian categories which
will be used in Subsection 3.3, following [Rum] (see also [BM1]). An additive category
A is called a preabelian category if any morphism has a kernel and a cokernel. A mor-
phism is said to be regular if it is both an epimorphism and a monomorphism. Note that
pullbacks and pushouts always exist in a preabelian category A. In fact, for morphisms
C
d
−→ D
c
←− B, we take the kernel sequence A→ B⊕C
(c −d)
−−−−→ D to obtain the pullback of
d along c:
A
(Pb)b 
a // B
c

C
d
// D
(1.1)
Definition 1.7. A preabelian category A is said to be left integral if for any pullback
(1.1), a is an epimorphism whenever d is an epimorphism. The right integrality is defined
dually. An integral category is defined as a preabelian category which is both left integral
and right integral.
The following provides a nice connection between integral categories and abelian cate-
gories.
Proposition 1.8. [Rum, p. 173] For an integral category A, the following hold.
(1) The class R of regular morphisms admits a calculus of left and right fractions.
(2) The localization functor LR : A → A[R
−1] is additive.
(3) The category A[R−1] is abelian.
2. Localization via generalized Hovey twin cotorsion pair (gHTCP)
2.1. Definition of gHTCP. Throughout this section, the symbol C = (C,E, s) is an
extriangulated category.
Let (U ,V) be a pair of full subcategories in C which are closed under isomorphisms and
direct summands. We put I := U ∩ V and denote by π : C → C/I the additive quotient.
We suppose that, for any X ∈ C, there exists a conflation
VX → UX
pX−−→ X
where UX ∈ U , VX ∈ V and pX is a right U-approximation of X, namely, the induced
morphism C(U,UX )→ C(U,X) is an epimorphism for any U ∈ U . In this case, we say that
X is resolved by (U ,V). Such a pair (U ,V) is called a right cotorsion pair. In addition, the
morphism pX is called a U-deflation. We denote by U -def the class of U -deflations pX for
all X ∈ C. An assignment R : X 7→ UX =: RX gives rise to a right adjoint R : C/I → U/I
of the canonical inclusion U/I →֒ C/I. A left cotorsion pair (S,T ) is defined dually. We
denote by L : C/I → T /I a left adjoin functor of the inclusion T /I → C/I. Similarly,
the symbol T -inf denotes the class of T -inflations, namely, morphisms ιX which induce
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a conflation X
ιX−→ TX → SX satisfying that TX ∈ T , SX ∈ S and ιX is a left T -
approximation of X. A right/left cotorsion pair is a generalization of a cotorsion pair
[Sal].
Definition 2.1. A pair (U ,V) is called a cotorsion pair if it satisfies the following condi-
tions:
(1) Both U and V are closed under direct summands, isomorphisms and extensions;
(2) E(U ,V) = 0;
(3) Cone(V,U) = C = CoCone(V,U).
Note that, since we do not require E-orthogonality, a left and right cotorsion pair does
not form a cotorsion pair in general. In fact, (C, C) is a left and right cotorsion pair.
Moreover, we should remark that some authors use the terminology left/right cotorsion
pair is used in a different sense [BMPS, Gil].
Let (S,T ) and (U ,V) be a left cotorsion pair and a right one, respectively, and denote
by P := ((S,T ), (U ,V)) the pair of them. We consider the following two conditions:
(Hov1) S ⊆ U and T ⊇ V;
(Hov2) S ∩ T = U ∩ V.
In the rest of this article, let P denote the above pair satisfying (Hov1) and (Hov2).
The following notions will be used in many places:
(1) I := U ∩ V; (2) Z := T ∩ U ; (3) V := U -def ◦ T -inf,
where U -def ◦ T -inf denotes the class of morphisms f which has a factorization f = f2 ◦ f1
with f1 ∈ T -inf and f2 ∈ U -def.
Definition 2.2. If P satisfies the following two conditions, it is called a Hovey twin
cotorsion pair (HTCP) introduced in [NP]:
(Hov3) Both (S,T ) and (U ,V) are cotorsion pairs;
(Hov4) Cone(V,S) = CoCone(V,S).
We shall study basic properties of P in this section. First, we consider two functors
QLR := LRπ, and QRL := RLπ : C → C/I by composing a right adjoint R : C/I → U/I
and a left adjoint L : C/I → T /I. We also consider a Gabriel-Zisman localization LV :
C → C[V−1] with respect to the class V. The following proposition draws a comparison
between Z/I and C[V−1], which is instrumental to formulate our main theorem.
Proposition 2.3. We assume that both ImQLR and ImQRL are contained in Z/I. Then,
there uniquely exists a functor Φ : Z/I → C[V−1] which makes the following diagram
commutative up to isomorphism:
Z/I
Φ
((
C
QLR
88♣♣♣♣♣♣♣♣♣
QRL &&◆
◆◆◆
◆◆◆
◆◆ LV
// C[V−1].
Z/I
Φ
66
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Before proving Proposition 2.3, we check the next easy lemma.
Lemma 2.4. Let VZ be the class of morphisms in Z which consists of sections f with
Cok f ∈ I. Then, a containment VZ ⊆ V ∩MorZ is true.
Proof. Let X
f
−→ Y → I be a split conflation in Z with I ∈ I. The morphism f is obviously
a T -inflation. Thus VZ ⊆ T -inf. 
Proof of Proposition 2.3. Let us recall from Example 1.6 that the additive quotient π :
Z → Z/I can be regarded as a Gabriel-Zisman localization of Z with respect to VZ .
First, we consider the functor LV|Z : Z → C[V
−1] restricted onto Z. Since VZ ⊆ V, by the
universality of π, we have a unique functor Φ : Z/I → C[V−1] with LV|Z ∼= Φ ◦ π. Thus
we have the following diagram commutative up to isomorphism:
Z
π

inc // C
LV // C[V−1]
Z/I
Φ
66
where inc means the canonical inclusion.
We shall show that the obtained functor Φ satisfies LV ∼= Φ◦QLR. LetX ∈ C. Associated
to the definition of QLR, we have a U -deflation pX : RX → X and T -inflation ιRX : RX →
LRX in C, as depicted in the diagram below:
VX // RX
pX //
ιRX
X
LRX

SRX
(2.1)
where the row and the column are conflations and VX ∈ V and S
RX ∈ S. By the assump-
tion we notice LRX = QLR(X) in Z/I. Since LV sends V to a class of isomorphisms, we
have isomorphisms in C[V−1]:
LV(X)
LV(pX)
←−−−− LV(RX)
LV(ιRX)
−−−−−→ LV(LRX) ∼= Φ ◦QLR(X)
which gives rise to a desired isomorphism. By a similar argument, we have an isomorphism
LV ∼= Φ ◦QRL.
It remains to show the uniqueness of Φ. To this end, we assume that there exists a
functor Φ′ with LV ∼= Φ◦QRL. Then, π equalize both Φ and Φ
′, precisely, π ◦Φ′ ∼= π ◦Φ ∼=
LV|Z . However, by the universality of π, such functors are uniquely determined up to
isomorphism. Hence Φ ∼= Φ′. 
We deduce the following result from Proposition 2.3.
Lemma 2.5. If there exists a functorial isomorphism η : QLR
∼
−→ QRL, the functors
QLR ∼= QRL send V to a class of isomorphisms in C/I. Moreover, we have restricted
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functors QLR ∼= QRL : C → Z/I. This situation can be depicted below:
T /I
Rkk
 u
''PP
PPP
PPP
Z/I
)
	
66♥♥♥♥♥♥♥♥
 u
((PP
PPP
PPP
P C/I
Rii
Luu
C.
πoo
U/I
)
	
77♥♥♥♥♥♥♥♥♥
L
ss
Proof. By definition, QLR(U -def) and QRL(T -inf) form classes of isomorphisms. Thus the
first assertion holds. Since ImQLR ⊆ T /I and ImQRL ⊆ U/I, the existence of η forces
ImQRL ∈ Z/I. 
A commutativity of R and L is a key property to prove many assertions in this article.
So we introduce the following terminology.
Definition 2.6. Let P be a pair of a left cotorsion pair and a right one satisfying (Hov1)
and (Hov2). If there exists a functorial isomorphism η : QLR
∼
−→ QRL, then the pair
P is called a generalized Hovey twin cotorsion pair (gHTCP). Morover, the associated
localization LV : C → C[V
−1] is called the gHTCP localization with respect to P.
The following is our main result.
Theorem 2.7. Let P be a pair satisfying (Hov1) and (Hov2). The following are equiva-
lent:
(i) There exists a natural isomorphism η : QLR → QRL;
(ii) The functor L : U/I → Z/I sends Rπ(T -inf) to isomorphisms;
(iii) The functor R : T /I → Z/I sends Lπ(U -def) to isomorphisms;
(iv) The functor Φ : Z/I → C[V−1] is an equivalence.
Proof. (i) ⇒ (ii), (iii): These implications directly follow from Lemma 2.5.
(ii) ⇒ (i): For X ∈ C, we consider a T -inflation X
ιX−→ LX, U -deflations pX : RX → X
and pLX : RLX → LX. Then we get a morphism RιX : RX → RLX such that ιX ◦pX =
pLX ◦RιX . In addition, taking T -inflation starting RX yields the following commutative
diagram:
X
ιX // LX
RX
ιRX 
RιX //
pX
OO
RLX
pLX
OO
LRX
(2.2)
Since RLX ∈ Z and ιRX is a left T -approximation, we have a morphism ηX : LRX →
RLX with RιX = ηX ◦ ιRX . By the assumption, we have isomorphisms Lπ(ιRX) and
Lπ(RιX). Hence we conclude that Lπ(ηX) is also an isomorphism in Z/I. Due to
QLR(X) ∼= Lπ(LRX) and QRL(X) ∼= Lπ(RLX), the morphism ηX gives rise to a de-
sired natural isomorphism.
(iii) ⇒ (i): It can be checked by the dual argument.
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(iv) ⇒ (ii), (iii): Since LV sends V to isomorphisms, the assertions (ii) and (iii) hold.
(i) ⇒ (iv): We shall show that the functor QLR : C → Z/I has the universality same
as that of LV. Due to Lemma 2.5, it follows that QLR sends V to isomorphisms. To
check the universality of QLR, let F : C → D be a functor which sends V to a class of
isomorphisms in a cateogry D. We shall construct a functor F ′ : Z/I → D such that
F ∼= F ′ ◦ QLR as follows: For an object X ∈ Ob(Z/I) ⊆ Ob(C), we set F
′(X) := F (X);
For a morphism f : X → Y in Z, we set F ′(QLR(f)) := F (f). This assignment can
give rise to a desired functor F ′. To show the well-definedness of this assignment: Let
f, g : X → Y be morphisms in Z with QLR(f) = QLR(g) in Z/I, namely, f−g is factored
as X
a
−→ I
b
−→ Y with I ∈ I. Then we get f =
(
g b
)(1
a
)
. Since the remaining argument
to check the well-definedness is completely same as the proof of Example 1.6, we skip the
details.
To verify the commutativity up to isomorphism, namely, the existence of an isomor-
phism F ∼= F ′ ◦ QLR, we let f : X → Y be a morphism in C and consider the following
commutative digram in C:
LRX
LRf
RX
pX //ιRXoo
Rf
X
f
LRY RY
pY
//
ιRY
oo Y
where R∗ ∈ U , LR∗ ∈ Z, p∗ ∈ U -def and ι∗ ∈ T -inf for ∗ = X,Y . Applied F , the
horizontal arrows are made to be isomorphisms in D. Since LRf = QLR(f) in Z/I, we
have equalities F ′ ◦QLR(f) = F
′ ◦QLR(LRf) = F (LRf) = F (f).
Finally, to show the uniqueness of a desired functor F ′, we assume that there exists a
functor F ′′ with F ∼= F ′′ ◦QLR. Then, the functors restricts on Z to have isomorphisms
F |Z ∼= F
′ ◦QLR|Z ∼= F
′′ ◦ QLR|Z . Note that F
′ ◦QLR|Z ∼= F
′π and F ′′ ◦QLR|Z ∼= F
′′π.
Since the ideal quotient Z → Z/I is a localization with respect to VZ (which is a subclass
of V), by the universality, we have F ′ ∼= F ′′. 
Although the gHTCP localization LV does not admits a calculus of left and right frac-
tions in general, the morphisms in C[V−1] admit the following nice descriptions.
Corollary 2.8. Suppose that a pair P forms a gHTCP. For any morphism α : LV(X)→
LV(Y ) in C[V
−1], there exist morphisms s : RX → X, t : Y → LY in V and α : RX → LY
in C such that α = LV(t)
−1 ◦ LV(α) ◦ LV(s)
−1.
Proof. Put Q := QLR. Due to the equivalence Φ : Z/I
∼
−→ C[V−1], we have a morphism
f : Q(X) → Q(Y ) in Z/I such that Φ(f) = α. Regarding Q(X), Q(Y ) ∈ Z, we get
a morphism f : Q(X) → Q(Y ) with π(f) = f . For X ∈ C, there exists a diagram
X
pX←−− RX
ιRX−−→ QX with pX ∈ U -def and ιRX ∈ T -inf. Similarly, for Y ∈ C, we have
a diagram Y
ιY−→ LY
pLY←−− QY with pLY ∈ U -def and ιY ∈ T -inf. Our situation can be
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depicted as:
VX

RX
pX

ιRX // QX
f

// SRX
X Y
ιY
VLX // QY
pLY // LY

SY
Setting α := pLY ◦ f ◦ ιRX , we have obtained α = LV(ιY )
−1 ◦ LV(α) ◦ LV(pX)
−1. 
2.2. Comparison between gHTCP and HTCP. In this section, to bridge the gap be-
tween gHTCP and HTCP, we consider some additional conditions on the gHTCP. Keeping
in mind Nakaoka-Palu’s correspondence theorem between HTCP’s and admissible model
structures on C [NP, Section 5], for a pair P of a left cotorsion pair and a right one, we
consider the following classes of morphisms:
• wFib := {f ∈ Mor C | CoCone(f) ∈ V};
• wCof := {f ∈ Mor C | Cone(f) ∈ S};
• W := wFib ◦wCof.
where wFib ◦wCof denotes the class of morphisms f which has a factorization f = f2 ◦ f1
with f1 ∈ wCof and f2 ∈ wFib. Obviously, we have U -def ⊆ wFib, T -inf ⊆ wCof and
V ⊆W. Recall the definition of HTCP localization.
Theorem 2.9. [NP, Cor. 5.25] Let P be an HTCP. Then, the Gabriel-Zisman localization
LW : C → C[W
−1] induces an equivalence Ψ : Z/I → C[W−1], unique up to isomorphism,
which is depicted as follows:
Z
π

  inc // C
LW // C[W−1]
Z/I
Ψ
66
We call this localization the HTCP localization of C with respect to P.
The aim of this subsection is to show that gHTCP is a generalization of HTCP in the
following sense:
Theorem 2.10. Let P = ((S,T ), (U ,V)) be an HTCP. Then P is also a gHTCP. More-
over, the HTCP localization C[W−1] is equivalent to the gHTCP localization C[V−1].
To prove the theorem, we shall use the following easy lemma.
Lemma 2.11. Let P be a pair of left cotorsion pair and a right one satisfying (Hov1)
and (Hov2). If both T and U are extension-closed, then the images of QLR and QRL are
contained in Z/I.
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Proof. Let X ∈ C and consider the following commutative diagram associated to the
definition of QLR:
VX // RX
ιRX
pX // X
LRX

SRX
which is same as (2.1). Since U is extension-closed, RX,SRX ∈ U forces LRX ∈ Z. This
says ImQLR ⊆ Z/I.
The assertion for QRL can be checked dually. 
Proof of Theorem 2.10. We only have to show that there exists an isomorphism η : QLR
∼
−→
QRL. Since V ⊆ W, there exists a natural functor F : C[V
−1] → C[W−1] such that
LW ∼= F ◦ LV. Due to Theorems 2.7 and 2.9, we have the following diagram commutative
up to isomorphism:
Z
π

  inc // C
LV

LW // C[W−1]
Z/I
Φ //
Ψ
II
C[V−1]
F
::ttttttttt
The commutativity Ψ ∼= F ◦ Φ follows from the uniqueness of Ψ. Since Φ and Ψ are
equivalences, so is F . By Theorem 2.7 (iv) ⇒ (i), we have a desired isomorphism η. 
Remark 2.12. We remark that, if C satisfies (WIC) in [NP, Condition 5.8], the existence
of the above isomorphism η follows from the model structure corresponding to the HTCP
via the general theory of model category, e.g. [DS, Ch. 1.1, Prop. 5.8].
2.3. Examples: recollement of abelian/triangulated categories. In this section,
as applications of Theorem 2.7, we interpret some important phenomena via gHTCP
localizations.
2.3.1. Additive quotient. Let C be an extriangulated category and D its full subcategory
which is closed under isomorphisms and direct summands. Then, P := ((D, C), (C,D))
obviously forms a gHTCP. The following is straightforward.
Corollary 2.13. The following hold for the above P.
(1) I = D and Z = C.
(2) The class U -def consists of retractions with the cocones belonging to D.
(3) The class T -inf consisits of sections with the cones belonging to D.
(4) The functors Lπ,Rπ : C/D → C/D are isomorphic to the identity functors.
In particular, we have an equivalence Φ : C/D
∼
−→ C[V−1].
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This equivalence Φ is nothing other than the one appearing in Example 1.6. Note that
the above construction of C[V−1] does not depend on extriangulated structures on C. Since
an additive category always has a splitting exact structure, any additive quotient can be
considered as a gHTCP localization.
2.3.2. Recollement of triangulated categories. We shall explain that a recollement of tri-
angulated categories gives an example of HTCP localizations. More generally, we shall
investigate the following Iyama-Yang’s realization of Verdier quotients as subfactors via
HTCP localizations (see also [Li]). We introduce the following notions.
Definition 2.14. Let C be an extriangulated category and N its full subcategory. We
define the full subcategories
• N⊥1 := {X ∈ C | E(N ,X) = 0};
• N⊥ := {X ∈ C | E(N ,X) = 0 = C(N ,X)}.
The subcategories ⊥1N and ⊥N are defined dually.
Corollary 2.15. [IYa, Thm. 1.1] Let C = (C, [1],∆) be a triangulated category and
N its thick subcategory and denote by CN the Verdier quotient of C by N . We sup-
pose that N has a cotorsion pair (S,V); C has cotorsion pairs (S,S⊥1), (⊥1V ,V). Then,
P := ((S,S⊥1), (⊥1V,V)) forms an HTCP. Moreover, the canonical functor Z ⊆ C → CN
induces an equivalence Z/I ≃ CN . Here we use the symbols S
⊥1 and ⊥1V regarding S and
V as subcategories in C.
Proof. Since P forms an HTCP, we have an equivalence Z/I ≃ C[W−1]. Let S be the
multiplicative system associated to the thick subcategory N , namely, S := {f ∈ Mor(C) |
Cone(f) ∈ N}. We identify CN with C[S
−1]. It suffices to show W = S. By definition, we
get W ⊆ S. To show the converse, consider a triangle X
f
−→ Y → N → X[1] with N ∈ N .
Resolving N by the cotorsion pair (S,V), we obtain the following commutative diagram:
VN

VN

X
f1 // Y ′
(Pb)f2 
// SN

X
f // Y // N
where all rows and columns are triangles and SN ∈ S, VN ∈ V. Thus we get a factorization
f = f2 ◦ f1 with f1 ∈ wCof and f2 ∈ wFib. Hence f ∈W. 
The following result can be regarded as a special case of Corollary 2.15.
Corollary 2.16. [Nak3, Cor. 6.20] Let (N , C, CN ) is a recollement of triangulated cate-
gories and (S,V) a cotorsion pair in N . Then, the pair P := ((S,S⊥1), (⊥1V,V)) forms
an HTCP in C. Moreover, the canonical functor Z ⊆ C → CN induces an equivalence
Z/I ≃ CN .
Let us remark that, in Corollary 2.16, the thick subcategory N always has a cotorsion
pair, for example, by setting (S,V) := (N , 0).
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2.3.3. Recollement of abelian categories. It is pointed out in [NP, Rem. 5.27] that a rec-
ollement of abelian categories can be rarely regarded as an HTCP localization. However, it
is still a gHTCP localization under a mild assumption. Recall the definition of recollement
and its needed properties.
Definition-Proposition 2.17. Let C,N and CN be abelian categories. A recollement of
abelian categories is a diagram of functors between abelian categories of the form
N i // C e //
p
``
q
||
CN
r
aa
l
||
with the conditions:
• (q, i, p) and (l, e, r) form adjoint triples;
• The functors i, l and r are fully faithful;
• Im i = Ker e.
We denote the recollement by (N , C, CN ) for short. In this case,
(1) Im r = N⊥ and Im l = ⊥N hold;
(2) for any X ∈ C, there exist the following exact sequences
0→ N → le(X)→ X → iq(X)→ 0 (2.3)
0→ ip(X)→ X → re(X)→ N ′ → 0 (2.4)
with N,N ′ ∈ N .
We refer to [Psa, Section. 2] for details. A recollement can be considered as a special
case of Serre quotients in the following sense.
Proposition 2.18. [Psa, Rem. 2.3] Consider the Serre quotient CN of an abelian category
C with respect to its Serre subcategory N . If the quotient functor e : C → CN admits a
right adjoint r and a left adjoint l, then the inclusion i : N → C also admits a right adjoint
p and a left adjoint q. Moreover, these six functors form a recollement.
The following is an abelian version of Corollary 2.16.
Corollary 2.19. Let (N , C, CN ) be a recollement of abelian categories. Assume that C
has enough projectives and enough injectives, and N has a cotorsion pair (S,V) with
Ext2C(S,V) = 0. Then, the pair ((S,S
⊥1), (⊥1V,V)) forms a gHTCP in C. Moreover,
the canonical functor Z ⊆ C → CN induces an equivalence Z/I ≃ CN . Here we use the
symbols S⊥1 and ⊥1V regarding S and V as subcategories in C.
To show Corollary 2.19, we include more investigations on an extriangulated category
with a gHTCP.
Lemma 2.20. Let C be an extriangulated category equipped with a right cotorsion pair
(U ,V). Assume that V is extension-closed and E(U ,V) = 0. Then Rπ : C → U/I sends
wFib to a class of isomorphisms.
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Proof. Take a morphism f ∈ wFib which completes a conflation V
g
−→ X
f
−→ Y with V ∈ V.
We resolve Y by (U ,V) to get a conflation VY → UY
pY−−→ Y with VY ∈ V and UY ∈ U . The
pullback of f along the U -deflation pY yields a conflation V →M → UY which splits since
E(UY , V ) = 0. Via an isomorphism M ∼= V ⊕ UY , we obtain the commutative diagram
below:
VY

VY

V // V ⊕ UY
(g h)

(0 1) // UY
pY
V
g
// X
f
// Y
(PB)
with all rows and columns forming conflations. Since E(U ,V) = 0, any morphism α :
U0 → X with U0 ∈ U factors through (g h). Next, we resolve V by (U ,V) to get a triangle
VV → I
pV−−→ V with VV ∈ V and I ∈ I. Combining this conflation and the above middle
row V → V ⊕ UY → UY , we have the following commutative diagram
VV

VV

I
pV

// I ⊕ UY
β

(0 1)
// UY
V // V ⊕ UY
(0 1) // UY
where all rows and columns form conflations and β :=
(
pV 0
0 1
)
. Consider the composition
pX := (g h) ◦ β : I ⊕UY → X and the induced triangle V˜ → I ⊕UY
pX−−→ X. Note that pX
is a U -approximation of X. Furthermore, by the octahedral axiom, we have the following
commutative diagram which guarantees V˜ ∈ V:
VV

VV

V˜ //

I ⊕ UY
pX //
β

X
VY // V ⊕ UY
(g h)
// X
where all rows and columns are conflations. Hence we conclude that pX is a U -deflation
of X. By the discussion so far, we have the commutative diagram below:
I ⊕ UY
(0 1)

pX //
β
&&◆◆
◆◆◆
◆◆
X
f

V ⊕ UY
(g h)
::✉✉✉✉✉✉✉
(0 1)xxqqq
qqq
qq
UY pY
// Y
Since pX , pY and (0 1) : I ⊕ UY → UY belong to U -def, we conclude that Rπ(f) is an
isomorphism. 
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Proposition 2.21. Let C be an extriangulated category with a gHTCP P. Assume that
both S and V are extension-closed and E(S,T ) = E(U ,V) = 0. Then the functor LV :
C → C[V−1] sends W to a class of isomorphisms. Moreover, there exists an equivalence
Ψ : C[V−1]
∼
−→ C[W−1], uniquely up to isomorphism, such that LV ∼= Ψ ◦ LW.
Proof. By Lemma 2.20 and the dual, we know that QLR(wFib) and QRL(wCof) form
classes of isomorphisms in Z/I. Since P is a gHTCP, the functor QLR ∼= QRL ∼= LV sends
W to a class of isomorphisms. Since V ⊆ W, the functor LW : C → C[W
−1] sends V to
isomorphisms. The second assertion follows from the universality. 
We are in position to prove Corollary 2.19.
Proof. (A) The first step shows that the pair ((S,S⊥1), (⊥1V,V)) is a gHTCP.
(1) We shall show that (⊥1V,V) is a right cotorsion pair. Let X be an object in C and
consider the first syzygy of X, namely, an exact sequence
0→ ΩX
a
−→ P (X)→ X → 0 (2.5)
in C with P (X) ∈ P(C). Next, we consider an exact sequence (2.3) of ΩX in Proposition
2.17
0→ N → le(ΩX)→ ΩX
f
−→ iq(ΩX)→ 0 (2.6)
with N, iq(ΩX) ∈ N and le(ΩX) ∈ ⊥N . Resolve iq(ΩX) by the cotorsion pair (S,V),
we get an exact sequence 0 → iq(ΩX)
g
−→ V → S → 0 with V ∈ V and S ∈ S. Put
h := g ◦ f : ΩX → V . Since f is surjective and g is injective, we have Cokh ∼= S and
Kerh = Ker f . By taking a pushout of a : ΩX → P (X) along h, we obtain the following
commutative diagram:
0

0

Kerh

Kerh

0 // ΩX
(Po)h

a // P (X)
h′
// X // 0
0 // V

// X ′
b
c // X // 0
S

S

0 0
in which all rows and columns are exact. The second row is a desired one. It suffices to
show X ′ ∈ ⊥1V. Since Kerh is a factor of le(ΩX) ∈ ⊥N , we get Kerh ∈ ⊥0N . We deduce
from the second column in the above diagram an exact sequence 0 → Kerh → P (X) →
Ker b→ 0. The fact Kerh ∈ ⊥0V and P (X) ∈ ⊥1V forces Ker b ∈ ⊥1V. The exact sequence
0 → Ker b → X ′ → S → 0 shows X ′ ∈ ⊥1V. Therefore, the morphism c : X ′ → X is a
⊥1V-deflation associated to the right cotorsion pair (⊥1V,V). By the dual argument, we
can verify that (S,S⊥1) forms a left cotorsion pair.
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(2) The condition (Hov1) is obvious.
(3) The condition (Hov2) follows from S ∩ S⊥1 = S ∩ V = ⊥1V ∩ V.
(4) We shall show that ImQLR is contained in Z/I. Take an object X ∈ C. Following
the definition of QLR, we consider the following commutative diagram
0

0

0 // VX // RX
ιRX

pX // X
ι

// 0
0 // VX // LRX

p // X ′

// 0
SRX

SRX

0 0
(2.7)
where all rows and columns are exact, pX is a U -deflation of X and ιRX is a T -inflation
of RX. Since RX,SRX ∈ ⊥1V, the second column shows LRX ∈ ⊥1V ∩ S⊥1 = Z. Dually,
we get ImQLR ⊆ Z/I.
(5) We shall show that, if Ext2C(S,V) = 0, there exists an isomorphism η : QLR
∼
−→ QRL.
It is enough to show X ′ ∈ S⊥1 in the diagram (2.7). Applying C(S,−) to the middle row in
(2.7), we have an exact sequence Ext1C(S, LRX) → Ext
1
C(S,X
′) → Ext2C(S, VX) in which
the both sides are zero. Thus we have X ′ ∈ S⊥1 . Hence ι is a T -inflation of X and p is a
U -deflation of X ′. We conclude that the pair ((S,S⊥1), (⊥1V,V)) forms a gHTCP.
(B) We shall show that there exists an equivalence Z/I ≃ CN . Let S be the class of
morphisms whose kernels and cokernels are contained in N . An equality W = S can be
checked by the method same as in the proof of Corollary 2.15. Therefore, we identify
the Serre localization with LW : C → C[W
−1]. By Propsotion 2.21, we obtain a desired
equivalence C[V−1] ≃ C[W−1]. 
We remark on Corollary 2.19. If N has enough injectives, we have a cotorsion pair
(S,V) := (N , I(N )) in N with Ext2C(S,V) = 0.
Let us add a short argument on an extriangulated structure on Z/I in Corollary 2.19.
Note that, if both T and U are extension-closed, so is Z. Furthermore, as stated below,
the subfactor Z/I also has a natural extriagulated structure.
Lemma 2.22. Let C be an extriangulated category with a gHTCP P. Suppose that T and
U are extension-closed and E(S,T ) = 0 = E(U ,V) holds. Then, Z is extension-closed and
E(I,Z) = 0 = E(Z,I) holds. Moreover, Z/I is an extriangulated category.
Proof. Since T and U are extension-closed, so is Z. By Proposition 1.3(1), Z is an
extriangulated cateogry. The equations directly follow from E(S,T ) = 0 = E(U ,V).
Thus, I is a class of projective-injective objects in Z. Due to Propositon 1.3(2), we have
the latter assertion. 
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We focus the equivalence CN
∼
−→ Z/I in Corollary 2.19. It is natural to compare
the abelian exact structure on CN and the above extriangulated structure on Z/I. The
following example indicates that they do not coincide.
Example 2.23. We consider the Auslander algebra B of the path algebra A determined
by the quiver [• → • → •]. The algebra B can be considered as the one defined by the
quiver with relations:
3
%%❑❑
❑❑
❑
2
99sssss
%%❑❑
❑❑
❑ 5
%%❑❑
❑❑
❑
1
99sssss
4
99sssss
6
where the dotted line stands for the natural mesh relation. The Auslander-Reiten quiver
of the category C := modB of finite dimensional modules is the following:
3
5
6
  ❆
❆❆
❆❆
❆❆
❆
2
4 3
5
✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶
1
2
3
  ❆
❆❆
❆❆
❆❆
❆
5
6
>>⑥⑥⑥⑥⑥⑥⑥⑥
""❊
❊❊
❊❊
❊❊
❊
3
5oo
""❊
❊❊
❊❊
❊❊
4oo
""❊
❊❊
❊❊
❊❊
2
3oo
>>⑥⑥⑥⑥⑥⑥⑥⑥
""❊
❊❊
❊❊
❊❊
❊
1
2oo
""❊
❊❊
❊❊
❊❊
❊
6
<<②②②②②②②②
5oo
<<②②②②②②②②
""❊
❊❊
❊❊
❊❊
❊
4 3
5oo
<<②②②②②②②
""❊
❊❊
❊❊
❊❊
FF✌✌✌✌✌✌✌✌✌✌✌✌
2
4 3oo
<<②②②②②②②
""❊
❊❊
❊❊
❊❊
2oo
<<②②②②②②②②
1oo
4
5
<<②②②②②②②
3oo
<<②②②②②②② 2
4oo
<<②②②②②②②②
where the dotted arrows denote the Auslander-Reiten translation. We denote by “◦” in
a quiver the objects belog to a subcategory and by “·” the objects do not. We consider
the (injectively) stable Auslander algebra B and the associated inclusion N := modB →֒
modB. Then, it is well-known that modB is a Serre subcategory in modB:
· · ·
◦ · ◦ · ·
◦ ◦ · · · ·
◦ · ·
There exists a cotorsion pair (S,V) := (modB, injB) in modB with Ext2B(S,V) = 0, where
injB := I(modB). By Corollary 2.19, we have a gHTCP
P := ((S,T ), (U ,V)) := ((modB, (modB)⊥1), (⊥1(injB), injB))
in modB. We calculate to get that the associated subcategory Z = T ∩ U :
◦ ◦ ◦
◦ · ◦ · ◦
· · · · · ◦
◦ · ◦
Note that Ext1B(Z,Z) = 0. Thus, the natural extriangulated structure of Z/I is splitting,
more precisely it is a splitting exact structure. On the other hand, known as Auslander’s
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formula [Aus, Len], the Serre localization CN =
modB
modB
is equivalent to modA. Hence, the
equivalence CN
∼
−→ Z/I obtained in Corollary 2.19 is not necessarily exact.
3. Aspects of the heart construction
3.1. Basic properties of the heart. We recall the definition and some basic properties
of the heart. Throughout this section, we fix a triangulated category C equipped with a
cotorsion pair (S,V). For two classes U and V of objects in T , we denote by U ∗ V the
class of objects X occurring in a triangle U → X → V → U [1] with U ∈ U and V ∈ V.
Definition 3.1. Let C be a triangulated category equipped with a cotorsion pair in C,
and put W := S ∩ V. We define the following associated subcategories:
C− := S[−1] ∗ W; C+ :=W ∗ V[1]; H := C+ ∩ C−.
The additive quotient H/W is called the heart of (S,V).
Abe and Nakaoka showed the following assertions.
Lemma 3.2. [AN, Def. 3.5] For any X ∈ C, there exists the following commutative
diagram
VX // UX
α // X //
❅
❅❅
❅❅
VX [1]
V ′X
;;①①①①①
(3.1)
where VX , V
′
X ∈ V, α is a left (C
−)-approximation of X and the first row is a triangle.
This triangle is called a coreflection triangle of X.
By a closer look at the above and its dual, we conclude the above left (C−)-approximation
α gives rise to a functor as below.
Lemma 3.3. [AN, Lem. 4.2] The canonical inclusion C−/W →֒ C/W has a left adjoint
L which restricts to the functor L : C+/W → H/W. Dually, the canonical inclusion
C+/W →֒ C/W has a right adjoint R which restricts to the functor R : C−/W → H/W.
Furthermore, there exists a natural isomorphism η : LR
∼
−→ RL.
The following is their main result.
Theorem 3.4. [Nak1, Thm. 6.4][AN, Thm. 5.7] The heart H/W is abelian. Moreover,
the functor coh := LRπ : C → H/W is cohomological.
Note that the cotorsion class S admits an extriangulated structure. For later use, we
also recall some consequences of the assumption that S has enough projectives. In this
case, the heart H/W and the cohomological functor coh have nicer descriptions.
Lemma 3.5. [LN, Cor. 3.8] The kernel of cohomological functor coh : C → H/I is
addS ∗ V, the additive closure of S ∗ V. In particular, addS ∗ V is extension-closed in C.
The subcategory S ∗ V will play important roles in the rest.
Proposition 3.6. [LN, Thm. 4.10, Prop. 4.15] The following are equivalent:
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(i) U has enough projectives;
(ii) (P(S), add(S ∗ V)) forms a cotorsion pair of C.
Under the above equivalent conditions, there exists an equivalence Ψ : H/W
∼
−→ mod(P(U [−1]))
which makes the following diagram commutative up to isomorphisms
C
Hom(P(U [−1]),−) &&▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
coh // H/W
Ψ

mod(P(U [−1]))
Note that this explains why the heart H/W is abelian and the associated functor coh
is cohomological.
3.2. From cotorsion pair to gHTCP. We shall show that the heart in triangulated cat-
egories can be obtained as a gHTCP localization. We consider the pair P := ((S, C+), (C−,V)).
Our result shows that P is a gHTCP and the heart construction is nothing but the Gabriel-
Zisman localization of C with respect to the class V associated to P.
Corollary 3.7. The pair P forms a gHTCP. Moreover, the following hold.
(1) We have Z = H,I =W and Z/I = H/W.
(2) There exists a class V of morphisms in C so that the associated localization LV :
C → C[V−1] induces an equivalence Φ : H/W
∼
−→ C[V−1].
(3) We have LV ∼= Φ ◦ coh.
Proof. We shall verify that the pair P forms a gHTCP. We firstly show that C− is closed
under direct summands. Let T be an object in C− together with a decomposition T ∼=
T1 ⊕ T2. By definition, there exists a triangle S[−1]
a
−→ T
b
−→ I → S with S ∈ S and
I ∈ I. A canonical projection pi : T → Ti induces a triangle S[−1]
pia−−→ Ti
d
−→ Xi → S
and a morphism c : I → Xi with cb = dpi for i = 1, 2. Next, we resolve Xi by (S,V) to
get a triangle S′[−1] → Xi
e
−→ V → S′ with S′ ∈ S and V ∈ V. We obtain the following
commutative diagram from the above triangles:
S′[−1]

S′[−1]

S[−1]

pia // Ti
d // Xi
e

// S

Y [−1] // Ti // V //

Y

S′ S′
where all rows and columns are triangles. Note that Y ∈ S. If V ∈ I, this forces Ti ∈ C
−.
It suffices to check V ∈ S. To this end, we consider a morphism f : V → V ′[1] ∈ V[1]. The
composition fec : I → V ′[1] is zero because of (I,V[1]) = 0. Thus we have fecb = fedpi =
0 and hence fed = 0 which shows fe factors through S ∈ S. Moreover, (S,V[1]) = 0 forces
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fe = 0 and f factors through S′ ∈ S. We thus conclude f = 0 and V ∈ S. Dually we can
confirm that C+ is also closed under direct summands.
Thanks to Lemma 3.2 and the dual, it follows that (S, C+) and (C−,V) are a left
cotorsion pair and a right one, respectively.
(Hov1): Let S be an object in S. Since (C−,V) is a right cotorsion pair, we have a
conflation VS → S
− → S with S− ∈ C− and VS ∈ V. The condition Ext
1
C(S,V) = 0 shows
that S is a direct summand of S−. Dually we have C+ ⊇ V.
(Hov2): Consider X ∈ S ∩ C+ together with a conflation VX → IX → X with VX ∈ V
and IX ∈ I. Since Ext
1
C(X,VX) = 0, X belongs to I. Similarly, we have I = C
− ∩ V.
Due to Lemma 3.3, we conclude that P is a gHTCP. The remaining assertions are
obvious. 
Combining Corollary 3.7 and Proposition 3.6, we recover [BM1, Thm 4.4] and [IYo,
Prop 6.2(3)]. We can deduce from Corollary 3.7 the following picture which is a special
case of the right one in (0.3).
(S,V)
Corollary 3.7
"""b
"b
"b
"b
"b
"b
Abe-Nakaoka
|| |<
|<
|<
|<
|<
|<
H/W
∼ // C[V−1]
3.3. A factorization through a preabelian category. Keeping in mind Buan-Marsh’s
localizations, we shall subsequently show that the above Gabriel-Zisman localization LV :
C → H/W is not far from one admitting calculus of left and right fractions. The following
our main result is formulated under functorial finiteness of S ∗ V.
Theorem 3.8. Let C be a triangulated category equipped with a cotorsion pair (S,V).
Assume that S ∗ V is functorially finite in C. Then,
(1) the additive quotient C/(S ∗ V) is preabelian.
(2) the class R of regular morphisms in C/(S ∗ V) admits a calculus of left and right
fractions;
(3) the localization functor LR : C/(S ∗ V)→ (C/(S ∗ V))[R
−1] induces an equivalence
(C/(S ∗ V))[R−1]
∼
−→ H/W;
(4) there exists the following factorization of LV as depicted below
C
̟
##❍
❍❍
❍❍
❍❍
❍❍
❍
LV // H/W,
C/(S ∗ V)
LR
99rrrrrrrrrr
where ̟ is the natural additive quotient functor.
The rest of this section will be occupied to prove the theorem. Our method is similar
to Buan-Marsh’s one which strongly depends on Rump’s localization theory of preabelian
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category. To show Theorem 3.8, we firstly show that C/(S ∗ V) is an integral preabelian
category. Put K := addS ∗ V and identify C/(S ∗ V) with C/K.
Proposition 3.9. The additive quotient C/(S ∗ V) is preabelian.
To show the above, we prepare the following auxiliary triangle to construct cokernels
in C/K.
Lemma 3.10. For any object X ∈ C, there exists a triangle
K ′[−1]
p
−→ X
ι
−→ K˜ → K ′ (3.2)
in C so that K˜,K ′ ∈ K and ι is a left K-approximation of X.
Proof. Resolve X by the cotorsion pair (S,V) to get a triangle S[−1]
a
−→ X → V → S
with S ∈ S and V ∈ V. Since K is functorially finite, there exists a left K-approximation
S[−1]
g
−→ K of S[−1] which completes a triangle K[−1] → K ′[−1]
c
−→ S[−1]
b
−→ K. Since
Lemma 3.5 says K is extension-closed, K ′ belongs to K. By the octahedral axiom, the
triangles appearing so far induce the following commutative diagram:
K

K

K ′[−1]
ac //
c

X
d // K˜ //

K ′
c[1]

S[−1]
a // X // V

// S
b[1]

K[1] K[1]
with all rows and columns are triangles. Again, since K is extension-closed, we have
K˜ ∈ K. The second row is a desired one. In fact, for any morphism α : X → L ∈ K, the
composition αa factors through the left K-approximation b. It follows that αac = 0 and
α factors through d. 
Proof of Proposition 3.9. Let X
f
−→ Y
g
−→ Z → X[1] be a triangle in C. We shall provide a
construction of the cokernel of ̟(f) in C/K. For the object X, we consider an auxiliary
triangle (3.2). The octahedral axiom gives the following commutative diagram:
K˜

K˜

K ′[−1]
fp //
p

Y
h // Z ′

// K ′
p[1]

X
f // Y
g // Z

// X[1]
ι[1]
K˜[1] K˜[1]
The image of the sequence X
f
−→ Y
h
−→ Z ′ is a cokernel sequence in C/K. To verify this, we
take a morphism g0 : Y →M so that g0f factors through an object in K. Since ι : X → K˜
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is a left K-approximation, g0f factors through ι. Therefore we have g0fp = 0 and that
there exists a morphism g1 : Z
′ →M together with g1h = g0. To show the uniqueness of
g1, we consider a morphism g2 : Z
′ → M together with ̟(g2h) = ̟(g0). Then g1 − g2
factors throughK ′ ∈ K, which shows the uniqueness of g1 in C/K. We have thus concluded
that C/K has cokernels. Dually we can construct the kernel. 
By using this construction of the cokernel, we characterize epimorphisms in C/K.
Lemma 3.11. Let X
f
−→ Y
g
−→ Z → X[1] be a triangle in C. Then, the morphism ̟(f) is
an epimorphism in C/K if and only if the morphism g : Y → Z factors through an object
in K.
Proof. [1] Firstly, we consider the case of Z ∈ K. We shall show that ̟(f) is epic in C/K.
To construct a cokernel of ̟(f), we take an auxiliary triangle K[−1]
p
−→ X
ι
−→ K˜ → K
and complete the following commutative diagram by the octahedral axiom:
K˜

K˜

K[−1]
fp //
p

Y
g′ // Z ′

// K
p[1]

X
f // Y
g // Z

// X[1]
ι[1]
K˜[1] K˜[1]
Note that Z ′ ∈ K. Since the image of the sequence X
f
−→ Y
g′
−→ Z ′ → 0 is a cokernel
sequence in C/K, ̟(Z ′) = 0 forces the morphism ̟(f) to be epic.
[2] Assume that ̟(f) is an epimorphism. To construct the cokernel of ̟(f), we take
an auxiliary triangle K[−1]
p
−→ X
ι
−→ K˜ → K (3.2) and complete a simillar commutative
diagram:
K˜

K˜

K[−1]
fp //
p

Y
g′ // Z ′
h

// K
p[1]

X
f // Y
g // Z

// X[1]
ι[1]
K˜[1] K˜[1]
(3.3)
where Z := Cone(f). Thus we have a cokernel sequence X
̟(f)
−−−→ Y
̟(g′)
−−−→ Z ′ → 0 in C/K.
Since ̟(f) is epic, we get Z ′ ∈ K. Hence g : Y → Z factors through Z ′ ∈ K.
To show the converse, we consider a triangle X
f
−→ Y
g
−→ Z → X[1] where g factors
through an object in K. To construct the cokernel of ̟(f), we consider the diagram same
as (3.3). Since g factors through an object in K, we have ̟(g) = ̟(hg′) = 0. Since
ABELIAN CATEGORIES FROM TRIANGULATED CATEGORIES 25
CoCone(h) ∼= K˜ ∈ K, by the dual of [1], we have that ̟(h) is a monomorphism. Thus
̟(g′) = 0 which forces ̟(f) is an epimorphism. 
We now verify a nicer property.
Proposition 3.12. The preabelian category C/(S ∗ V) is integral.
Proof. We consider the following pullback diagram in C/K
A
̟(b) 
̟(a)
// B
̟(c)
C
̟(d)
// // D
with ̟(d) : C → D epic. We shall show that ̟(a) is epic. Complete a triangle C
d
−→
D
e
−→ E → C[1] in C. By Lemma 3.11, the morphism e is factored as e : D
e2−→ L
e1−→ E
with L ∈ K. For the object B ∈ C, take a triangle K[−1]
p
−→ B
ι
−→ K˜ → K (3.2). Since
ι : B → K˜ is a left K-approximation, we have a morphism f : K˜ → L which makes the
following diagram in C commutative
K[−1]
g

p // B
c

ι // K˜
e1f

f
④④
}}④④
// K

L
e1
❉❉
!!❉
C
d
// D
e2④
==④
e
// E // C[1]
Then we get the above dotted arrow g : K[−1]→ C. By the universality of the pullback,
we have a further commutative diagram in C/(S ∗ V):
K[−1]
̟(p)

̟(g)
**
##
A
̟(b) 
̟(a)
// B
̟(c)
C
̟(d)
// D
Since ̟(p) is an epimorphism by Lemma 3.11, so is ̟(a). 
Thanks to Proposition 1.8, we have the following localization admits a calculus of left
and right fractions.
Corollary 3.13. The class R of regular morphisms admits a calculus of left and right frac-
tions. The Gabriel Zisman localization (C/K)[R−1] of (C/K) with respect to R is abelian.
Next we shall show that the abelian category (C/K)[R−1] is equivalent to the heart.
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Proposition 3.14. There exists an equivalence F : C[V−1]
∼
−→ (C/K)[R−1] which makes
the following diagram commutative up to isomorphism
C
LV

̟ // C/K
LR // C/K[R−1]
C[V−1]
F
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
Proof. To show the existence of F , we shall confirm LR ◦̟(V) is a class of isomorphims in
(C/K)[R−1]. Consider a morphism f ∈ U -def together with a triangle V → U
f
−→ X
g
−→ V [1]
where V ∈ V and f is a right U -approximation of X. By comparing the above triangle and
the coreflection triangle (3.1), we have that g factors through V ′X ∈ V. Due to Lemma 3.11
and its dual, we conclude that ̟(f) is a regular morphism in C/K. Similarly, ̟(T -inf)
forms a class of regular morphisms in C/K. By the universality of C[V−1], the existence
and uniqueness of F follow.
Next, we shall construct the inverse of F . Firstly we recall Rπ(V) = Lπ(S) = 0 in Z/I.
Hence, since LV is cohomological, we also have LV(K) = 0. Therefore we have an additive
functor G′ : C/K → C[V−1] such that LV ∼= G
′ ◦̟. It suffices to show that G′ sends any
regular morphism to an isomorphism in C[V−1]. Due to Lemma 3.11, again since LV is
cohomological, G′(R) is a class of isomorphisms. By the universality, the existence of a
desired functor G follows and F is an equivalence. 
Now we are ready to prove Theorem 3.8.
Proof of Theorem 3.8. The assertions (1) and (2) follow from Proposition 3.9 and Corol-
lary 3.13. The others (3) and (4) follow from Proposition 3.14 and Corollary 3.7. 
As an application of Theorem 3.8, we conclude that the cohomological functor coh :
C → H/W has a universality in the following sense.
Corollary 3.15. Assume that S ∗ V is functorially finite in C. Let H be a cohomolog-
ical functor from C to an abelian category A. If H(K) = 0, then there, uniquely up to
isomorphism, exists an additive functor H ′ such that H ∼= H ′ ◦ coh.
Proof. By H(K) = 0, we have a functor H ′′ : C/K → A which makes the following diagram
commutative up to isomorphism
C
H

̟ // C/K
H′′
⑤⑤
⑤
}}⑤⑤⑤
⑤
LR // (C/K)[R−1]
H′
uuA
Since H is cohomological, H ′′ sends R to a class of isomorphisms in A. Thus we have a
desired functor H ′. 
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4. Comments on another related work
In this section, we give some comments on results closely related to Theorem 3.8 which
can be easily deduced from [Nak2, HS] (see [Liu2] for exact case). Their method depends
on a use of the twin cotorsion pair Q := ((S,T ), (U ,V)) which is defined to be a pair of
two cotorsion pairs with S ⊆ U .
Remark 4.1. (1) The twin cotorsion pair Q = ((S,T ), (U ,V)) does not require that
(S,V) forms a cotorsion pair. If this is the case, it forces S = U and T = V.
(2) Note that our gHTCP is not a twin cotorsion pair.
Their results show that the heart HQ of some special twin cotorsion pair is an integral
category, and its localization HQ[R
−1] with respect to the class of regular morphisms is
equivalent to the heart H(S,T ) of the cotorsion pair (S,T ).
By Proposition 3.6 and its dual, we have the following corollary which shows that, under
some assumption, a cotorsion pair (S,V) gives rise to a twin cotorsion pair.
Corollary 4.2. Let C be a triangulated category equipped with a cotorsion pair (S,V).
If S has enough projectives P(S) and V has enough injectives I(V), then we have a twin
cotorsion pair
Q := ((P(S),K), (K, I(V))),
where K = add(S ∗ V). Moreover, there exists an equivalence between the heart H/W of
(S,V) and that of (P(S),K).
In this case, it directly follows from [Nak2, Thm. 6.3] and [HS, Thm. 5.6] that there
exists a commutative diagram which is a special case of Theorem 3.8(4) as below:
C
!!❈
❈❈
❈❈
❈❈
❈❈
coh // H/W
HQ
LR
::✈✈✈✈✈✈✈✈✈
where LR denotes the localization with respect to the class R of regular morphisms.
Acknowledgements. The author wishes to thank Professor Hiroyuki Nakaoka for giving
valuable comments, especially on the Hovey twin cotorsion pair.
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